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MATH10121

(a) Show that z = £i both satisfy the equation

2t =222 4622 -224+5=0. (1)

[2 marks]

(b) Hence, or otherwise, find all solutions of the equation (1) and mark them on a sketch of the
complex plane.

[5 marks]

(c) Sketch the function f(x) = 47?z — 23 and find the area bounded by the lines y = f(z), y = 0,
x =0 and x = 27.

[7 marks]

(d) Sketch the function r = f(#), where the function f is defined in (c) and (r,6) are plane-
polar coordinates. Find the area enclosed by the curve r = f(6) over the range 6 € [0, 2n].

[6 marks]

Total marks: 20
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MATH10121

(a) Use Euler’s formula to prove that
cos(A + B) = cos Acos B — sin Asin B.
Hence, or otherwise, prove also that

cosh(A 4+ B) = cosh A cosh B + sinh Asinh B.

[4 marks]

(b) Find the first three non-zero terms in the Taylor Series expansions for sinx and cosx about
x=0.

[4 marks]

(c) On the same axes, sketch the functions coshx and cosh™ = and specify the domain and range
of each function.

[3 marks]

(d) Use the results from (a) and (b) and the fundamental definition of the derivative to show that

— [cosh x] = sinh z.

dx
[3 marks]
(e) Find % [cosh™ z], assuming z > 1.
[3 marks]
(f) Hence, or otherwise, find
1
| e
Vv81z? + 18z
assuming x > 0.
[3 marks]

Total marks: 20
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(a) The line L; passes through the points A, B and the line Ly passes through the points C, D.
The coordinates of the points are

A(1,0,0), B(0,1,1), C(0,0,1), D(1,1,1+ «)
where o € R.

(i) Determine the parametric equations of L; and of Ly (the latter will involve «)
(i

)

) For which value aq of a do the lines intersect? Find the point of intersection in this case.
(iii)) When a = «y, the two lines lie in a common plane. Find an equation for this plane.

)

(iv) For general values of «, show that the perpendicular distance between the lines is equal

to
| — ap|

Vb 4+ ca?

where the values of b and ¢ are to be determined.

d:

(v) Find the value of o that maximises that distance (you do not need to check it is a maxi-
mum).

(vi) Sketch the graph of the function d from part (iv) as a function of «, making clear any
turning points and asymptotes.

[17 marks]

(b) Let g(x,y) = sin(z) cos(x — y).
(i) Find all critical points of g;

(ii) calculate the Taylor series to order 2 (i.e., ignoring terms of degree 3 or more) of this
function about the point (zg,yo) = (0,7/2).

[5 marks]

Total marks: 22
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(a) Let D be the unit disk in the plane, centred at the origin. By changing to polar coordinates,
evaluate the integral

J[ =
———dady.
PRVESE TS
[4 marks]
(b) Consider the double integral
Vv
I= / / 2% sin(zy) dr dy.
0 y
(i) Sketch the region R of integration, showing clearly the relevant information.
(ii) Express the integral I with the order of integration reversed.
(iii) Evaluate the integral.
[6 marks]

(c¢) Green’s theorem states that, for functions P and @ of z and y,

//D (aa_i‘g—];) dedy = jiPdrHQdy.

(i) State what C' and D represent, and how they are related.
(ii) Sketch the region Q given by 0 < z < 2 and 0 < y < 2, and use Green’s theorem to

evaluate the double integral
// (322 + 22y) dz dy.
@ [6 marks]

Total marks: 16
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(a) Suppose u,v and z are related by the equation

: Oz
Find Vo

22 — Quv = e¥t.
, g—z and % and determine the product
v z u
0z, Ou; Ov
ou| Ov| 0z
v z u

simplifying your answer.

[6 marks]

(b) Let f(z,y,2) = xz + cos(zy). First find the gradient vector field u = ?f Now calculate both

-u (divergence) and V x u (curl) for that vector field.

[4 marks]

(c) Consider the function f(z,y) =2+ 6xy +y> for (z,y) € R2.

(i)

Find any critical points and identify whether each is a local maximum, a local minimum
or a saddle point.

Provide an approximate sketch of the contours of the function f(x,y).

If the values of x and y are constrained to lie on the straight line y + = = 1, use the
Lagrange multiplier method to find the value of (z,y) where f(z,y) has a turning point
on the line.

Find the value of the function f at the turning point found in (iii), and by considering
nearby values, or otherwise, determine whether this is a local minimum or a local maximum
of f on the line in question.

[12 marks]

Total marks: 22
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Some Useful Formulae:

g(x,y)

cosh? v
cosh? v
sinh(2v)
cos? t
sin(2t)

?-(u,v,w)

v x (u,v,w)

dx dy

END OF EXAMINATION PAPER
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— 1+sinh?v
= 1(1+ cosh(2v))

= 2 sinhwv coshv

= 2(1 4 cos(2t))

= 2sint cost
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(z —20)™(y — yo)"

Ox/O0r 0Ox/00

= ‘ 8y?87‘ 8y?89 ‘ drdo
() J flz)da
HlIQ tan™! x
L5, Jz[ <1 |tanh 'z
Lo, Jz|>1 |coth 'z
S Jel#1 | dnjz
\/11_7, lz| <1 |sinta
\/117 sinh ™z
\/ﬁ, lz| > 1 = cosh™ |z|

méﬂ In |z + V22 £ 1
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